Denote by Z K the ring of integers of an algebraic number field K of degree n, by A the set of principal ideals of Z K generated by an atom, and by N (I) the absolute norm of a non-zero ideal I of Z K . Building upon the ideas of Clarkson from [Proc. Amer. Math. Soc. 17 (1966), 541], we show that
Introduction
Let p n be the n th positive rational prime, so that p 1 = 2, p 2 = 3, etc. (Notation and terminology, if not explained when first used, are standard or should be clear from the context.) It is a classical theorem of Euler that the series n≥1 1/p n diverges, a short and neat proof of which was given by Clarkson [1] .
The goal of the present paper is primarily to generalize Euler's theorem to the ring of integers of an algebraic number field, by an "elementary" approach that is essentially inspired to Clarkson's proof.
Main result
Let Z K be the ring of integers of an algebraic number field K, and let I be the set of all non-zero ideals of Z K . For an ideal i ∈ I we denote by N (i) the absolute norm of i, that is, the cardinality of the quotient ring Z K /i. It is a basic result in algebraic number theory that Z K is a Dedekind domain with the (FN)-property, namely, such that N (i) < ∞ for every i ∈ I, see e.g. [3, Corollary to Theorem 1.20, p. 16 ]. This in turn implies that, for each κ ∈ R + , there are only finitely many ideals i ∈ I with N (i) ≤ κ, see e.g. [3, Theorem 1.6(ii)]. Consequently, it makes sense, for every J ⊆ I, to introduce the function
and investigate its properties, as similarly done in the study of Dedekind zeta functions (the case J = I).
Here as usual, we adopt the convention that i∈J := lim κ→∞ i∈J : N (i)≤κ
. Now recall that a unit of Z K is an element u ∈ Z K such that uv = 1 K for some v ∈ Z K ; an atom (or irreducible element ) of Z K is a non-unit element a ∈ Z K such that a = xy for all non-unit elements
x, y ∈ Z K ; and two elements x, y ∈ Z K are associated if x = uy for some unit u ∈ Z K . With these definitions and the above notation in place, we have the following:
Let K be an algebraic number field of degree n, and let A be the set of principal ideals of Z K generated by an atom. Then ζ K,A (1/n) = ∞.
Proof. We recollect that, if i is a non-zero principal of Z K and α is a generator of i, then
where N K/Q is the norm of α relative to the field extension K/Q and f α is the minimal polynomial of α over K, see e.g. [3, p. 48 and Corollary to Proposition 2.13, p. 58]. This said, assume for a contradiction that ζ K,A (1/n) < ∞. Then there exists κ 0 ∈ R + such that
By the (FN)-property of Z K , we have that the set (1) and [3, Proposition 3 .10] that the absolute norm of an ideal in A is greater than or equal to 2. So putting everything together, we find that
We will however prove that the expansion of the left-hand side of (2) contains the term 1/m for every integer m ≥ 2, contradicting that the harmonic series m≥1 1/m is divergent. For, fix an integer m ≥ 2 and identify m with the element m1 K of Z K . Then (1) implies that
which, in view of [3, Proposition 3.10], shows that m is not a unit of Z K . But Z K is a Noetherian domain, see e.g. [3, Theorem 1.5]; and Noetherian integral domains are atomic, that is, every non-zero non-unit element in Z K is a finite non-empty product of atoms (although such a factorization need not be unique), see e.g. [2, Example 1.1.5.2]. Consequently, there exist a unit u ∈ Z K , pairwise non-associated atoms a 1 , . . . , a ℓ ∈ Z K (ℓ ∈ N + ), and exponents e 1 , . . . , e ℓ ∈ N + such that m = a e1 1 · · · a e ℓ ℓ u. Because N is a totally multiplicative function, see e.g. [3, Theorem 1.16(i)], it thus follows from (3) that
In fact, we can assume without loss of generality that there is a non-negative integer k not greater than ℓ such that a i Z K ∈ A \ B for 1 ≤ i ≤ k and a i Z K ∈ B for k < i ≤ ℓ. Then it is clear from (4) that 1/m occurs as a term in the expansion of
which is in turn one of the terms contributing to the left-hand side of (2).
Corollary 2. Let P be the set of positive rational primes. Then p∈P 1/p = ∞.
Proof. Let K be the rational field. Then Z K is the ring of (ordinary) integers. In particular, the atoms of Z K are the primes p ∈ P and their opposites. Hence, the set A of principal ideals of Z K generated by an atom is the set {pZ : p ∈ P}. So we conclude at once from Theorem 1 that p∈P 1/p = ∞, because K is an algebraic number field of degree 1 and N (mZ K ) = m for every positive integer m.
In the same spirit of Euler's proof of the infinitude of rational primes based on Corollary 2, we can also use Theorem 1 to give an alternative, though unnecessarily complicated, proof of the following folklore result.
Corollary 3. The ring of integers of an algebraic number field has infinitely many non-associated atoms.
Proof. Let K be an algebraic number field, and A the set of principal ideals of Z K generated by an atom. If K has only finitely many non-associated atoms, then A is a finite set, and hence ζ K,A (s) < ∞ for every s ∈ R, in contradiction to Theorem 1.
Closing remarks
Euler's theorem (on the series of reciprocals of primes) is usually generalized to the ring of integers Z K of a number field K in a different way that done in this note.
More precisely, one starts by considering the set P of prime ideals of Z K and then proves that ζ K,P (1) = ∞. This follows from the analogue of Euler product formula for the Dedekind function ζ K of K, combined with the fact that ζ K has a pole at 1, see e.g. [3, Proposition 7.2 and Theorem 7.3].
When K is the rational field, then P = {pZ : p ∈ P} and N (pZ) = p for every p ∈ P, where P is the set of positive rational primes. So, similarly as in the proof of Corollary 2, one recovers Euler's theorem.
It is, however, unclear to the author how to compare ζ K,P to ζ K,A , where A is, as in Theorem 1, the set of principal ideals of Z K generated by an atom. Among other questions, what is the infimum of the set {s ∈ R + : ζ K,A (s) < ∞}? Is it equal to 1/n, where n is the degree of K over the rational field?
